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also obtain some pinching results in all dimensions.
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0. Introduction
The ﬂag curvature, a natural extension of the sectional curvature in Riemannian geometry, arises from the second vari-
ation of arc length in Finsler geometry. It plays the central role in controlling the geodesics. In Finsler realm, a section
cannot completely determine its Gaussian curvature. One shall pick a vector in this section to play the role of ﬂagpole. Then
the ﬂag, consisting of the section and the ﬂagpole, will tell us its curvature. Generally, the ﬂag curvature depends both on
the section and the ﬂagpole. A Finsler metric is of scalar ﬂag curvature if its ﬂag curvature depends only on the ﬂagpole.
Contrast to it, professor Zhongmin Shen suggests a parallel notion: a metric is of sectional ﬂag curvature if its ﬂag curvature
depends only on the section.
It is natural to ask whether sectional ﬂag curvature is a rigid or soft condition. As the ﬁrst step, the authors obtain a
rigidity theorem for Randers metrics: every non-Riemannian Randers manifold of sectional ﬂag curvature must be a Randers
space form [4]. On the other hand, there are many rigidity theorems for Finsler metrics of nonzero ﬂag curvature. In this
paper, we will study the Finsler metrics in this class.
An early result for metrics with scalar ﬂag curvature is the Numata’s theorem, which states that every Landsberg metric
(dim 3) with nonzero scalar ﬂag curvature must be Riemannian [6]. Recently, [8] veriﬁed that every closed weakly Lands-
berg space with negative ﬂag curvature is Riemannian. We obtain an analogue of the Numata’s theorem for sectional ﬂag
curvature.
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then F is Riemannian.
Without the dimensional assumption, we have a pinching theorem.
Theorem 0.2. Let F be a weakly Landsberg metric of sectional ﬂag curvature. If 14  K  1, then F is Riemannian.
One may ﬁnd it is an interesting result by recalling the Sphere Theorem in Riemannian geometry. The signiﬁcance of
weakly Landsberg spaces can be indicated by [2], which proofs that the Gauss–Bonnet theorem holds for these spaces.
For general metrics, the most important rigidity result is the Akbar-Zadeh’s theorem for Finsler space forms: every
closed Finsler manifold with negatively constant ﬂag curvature must be Riemannian [1]. A few years ago, [5] proved that
every closed Finsler manifold with negative scalar ﬂag curvature must be of Randers type in the case of dim 3. Later on,
[7] veriﬁed that every closed Finsler manifold with negative ﬂag curvature and vanishing S-curvature should be Riemannian.
Inspired with these results, we prove the following Akbar-Zadeh type theorem.
Theorem 0.3. Let (Mn, F ) be a closed Finsler manifold of sectional ﬂag curvature. If n 7 and K < 0, then F is Riemannian.
A pinching rigidity in every dimension says
Theorem 0.4. Let (Mn, F ) be a closed Finsler manifold of sectional ﬂag curvature. If −1 K − 14 , then F is Riemannian.
This pinching theorem can be regarded as a partial generalization of the Akbar-Zadeh’s theorem, since “constant ﬂag
curvature” certainly implies “sectional ﬂag curvature”.
The contents of the paper are arranged as follows. In Section 1, some fundamental notations are given. In Section 2,
we provide a necessary and suﬃcient condition for sectional ﬂag curvature. In Section 3, a cognizable equation is de-
duced. By this equation, we prove some rigidity results for complete Finsler manifolds in the last section which covers
Theorems 0.1–0.4.
1. Preliminaries
Let M be an n-dimensional differentiable manifold with the tangent bundle TM . The points in TM are denoted by (x, y),
where x ∈ M , y ∈ TxM , and let (xi, yi) be the local coordinates of TM with y = yi∂/∂xi . A Finsler metric on M is a function
F : TM → [0,+∞) such that (i) F is smooth in TM \ {0}; (ii) F (x, λy) = λF (x, y) for any λ > 0; (iii) The fundamental
quadratic form
g = gik(x, y)dxi ⊗ dxk, gik :=
[
1
2
F 2
]
yi yk
(1.1)
is positively deﬁnite. Here and from now on, the lower index yi always means partial derivatives, F yi := ∂ F∂ yi , [F 2]yi yk :=
∂2 F 2
∂ yi∂ yk
, etc. We shall use the convention that Latin indices range from 1 to n (= dimM).
The canonical projection π : TM \ {0} → M gives rise to a covector bundle π∗T ∗M , on which there exists the Hilbert
form ω = [F ]yi dxi , whose dual is the distinguished section
 = i ∂
∂xi
, with i := y
i
F
. (1.2)
The Cartan tensor A and the Cartan form I are respectively
A = Aijk dxi ⊗ dx j ⊗ dxk, Aijk := F4
[
F 2
]
yi y j yk , (1.3)
I = Ii dxi, Ii := Aijk g jk,
(
g jk
)= (gij)−1. (1.4)
The nonlinear connection coeﬃcients are given as
Nik = γ ikj y j − Cikjγ jpq yp yq, Cijk := gilCljk, Cijk :=
1
F
Aijk,
where γ jpq are the formal Christoffel symbols of gik . Deﬁne
δ
i
:= ∂
i
− Nki
∂
k
, δyi := dyi + Nik dxk. (1.5)δx ∂x ∂ y
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∇ ∂
∂x j
= ωij
∂
∂xi
, ωij = Γ ijk dxk, Γ ijk =
1
2
gil
(
δglj
δxk
+ δglk
δx j
− δg jk
δxl
)
(1.6)
satisfying
dx j ∧ ωij = 0, dgij − gikωkj − gkjωki = 2Aijk
δyk
F
. (1.7)
The curvature 2-forms of the Chern connection have the form
Ω ij = dωij − ωkj ∧ ωik =
1
2
R j
i
kl dx
k ∧ dxl + P j ikl dxk ∧ δy
l
F
(1.8)
which give the hh-curvature R and the hv-curvature P .
There are various types of Bianchi identities in Finsler geometry (cf. Sections 3.4 and 3.5 in [3]). We will just state two
of them. The exterior differentiation of (1.7) will give a Bianchi identity
Rijkl + R jikl = −2Aijs R psklp, Rijkl := g js Ri skl. (1.9)
The second Bianchi identity dΩ ij − ωkj ∧ Ω ik + ωik ∧ Ωkj = 0 tells us
R j
i
kl;t = P j ikt|l − P j ilt|k −
(
P j
i
ks A˙
s
lt − P j ils A˙skt
)
, (1.10)
where “;” and “|” means vertical and horizontal covariant derivatives with respect to the Chern connection respectively, and
“·” denotes the covariant derivative along the Hilbert form ω.
The Riemann curvature tensor and the Landsberg tensor are deﬁned by
Rm = Rik(x, y)dxi ⊗ dx j, Rik := gis Rsk := gis R j skl jl (1.11)
and
L = Li jk dxi ⊗ dx j ⊗ dxk, Li jk := gisLskl := −gis j P j skl = A˙i jk (1.12)
respectively. The Ricci curvature is the trace of the Riemann tensor
Ric := gikRik = Ri i . (1.13)
The mean Landsberg tensor is the contraction of L
J = Jk dxk, Jk := gij Li jk = I˙k. (1.14)
Before giving the ﬂag curvature, we recall the angular metric tensor
h = hik(x, y)dxi ⊗ dx j, hik := gik − ik, i := gij j . (1.15)
Then for the plane P = span{y, V } with V = V i∂/∂xi , the ﬂag curvature of (y, P ) is
K (x, y, P ) := K (x, y, V ) := Rik(x, y)V
iV k
hik(x, y)V iV k
. (1.16)
Recalling that K (x, y, V ) = K (x, y,W ) if span{y, V } = span{y,W }, the ﬁrst identity of (1.16) is well-deﬁned.
2. Sectional ﬂag curvature
Professor Zhongmin Shen suggests the following deﬁnition.
Deﬁnition 2.1. We say that a Finsler metric F is of sectional ﬂag curvature, if its ﬂag curvature is independent of y, i.e.
K (x, y, P ) = K (x, P ). In this case, the ﬂag curvature can be reduced to a function on the Grassmannian bundle of 2-planes,
i.e. K :G2(M) →R.
One can easily prove the following lemma.
Lemma 2.1. (See [4].) A Finsler metric F is of sectional ﬂag curvature, iff its ﬂag curvature has the symmetric property K (x,u, v) =
K (x, v,u) for any linear independent u, v.
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in [4].
Rewrite (1.15) as
K (x, y, P ) = K (x, y, V ) = gsj(x, y)R
s
i kl(x, y)y
i ylV j V k
F 2(x, y)gij(x, y)V iV j − [gij(x, y)yi V j]2 (2.1)
where P is spanned by y and V . Notice span{y, V } = span{y+ tV , V } for any real number t , the condition “of sectional ﬂag
curvature” must imply
K (x, y, V ) = K (x, y + tV , V ), d
dt
K (x, y + tV , V ) = 0. (2.2)
Precisely, we have
Lemma 2.2. F is of sectional ﬂag curvature if and only if
d
dt
K (x, y + tV , V )
∣∣∣∣
t=0
= 0 for any y and V .
Proof. We will only prove the suﬃciency.
First, by setting y¯ = y + t0V , the derivative ddt K (x, y¯ + tV , V )|t=0 = 0 implies ddt K (x, y + tV , V )|t=t0 = 0. Hence
K (x, y, V ) = K (x, y + tV , V ) for any t .
Next, we will prove K (x, y, P ) = K (x, P ). Fix the vector y and pick another vector V in P . For any u = λy + μV
(λ ∈R+,μ ∈R), by choosing t = μ/λ, one can obtain
K (x,u, V ) = K (x, λy + μV , V ) = K
(
x, y + μ
λ
V , V
)
= K (x, y, V ).
Hence K (x, λy + μV , P ) = K (x, y, P ) for any λ ∈R+ and μ ∈R.
Now, let V rotate in P , then one will see that the vector u = λy + μV shall spread all over the plane P except the
radial along −y. That means K (x,u, P ) = K (x, y, P ) except u = −λy (λ ∈R+). But by continuity, it is also true for u = −λy.
Finally K (x,u, P ) = K (x, y, P ) for any u, which means the ﬂag curvature is independent of the ﬂagpole and F is of sectional
ﬂag curvature. 
The next goal is to calculate the derivative in Lemma 2.2. For simplicity, we set
X(t) = gsj(y + tV )Ri skl(y + tV ) ·
(
yi + tV i)(yl + tV l)V jV k,
Y (t) = F 2(y + tV )gij(y + tV )V iV j −
[
gij(y + tV ) ·
(
yi + tV i)V j]2. (2.3)
Then
K (t) := K (x, y + tV , V ) = X(t)
Y (t)
, (2.4)
and K ′(0) = 0 if and only if X ′(0) − K (0)Y ′(0) = 0.
It is easy to see
X ′(0) = 2F Asjp V p Ri sklil V j V k + F gsj Ri skl;p V pil V j V k + F Rijkl V il V j V k + F Rijkli V lV j V k.
Recalling (1.10), (1.12) and Rijkl = −Rijlk , we have
X ′(0) = 2F Asjp RskV pV j V k − F A¨ jkp V pV j V k + F Rijkl V il V j V k
:= 2F As∗∗Rs∗ − F A¨∗∗∗ + F R∗∗∗0.
Here we use the abbreviations “∗” and “0” to denote the contraction with V and  respectively, for instance T∗0 := T∗kk :=
TikV ik . By (1.9), one can see R∗∗∗0 = −As∗∗Rs∗ . Thus,
X ′(0) = F A∗∗s Rs∗ − F A¨∗∗∗. (2.5)
Similarly, one can have
Y ′(0) = 2F A∗∗∗. (2.6)
Now Lemma 2.2 is equivalent to the following.
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A¨∗∗∗ + 2K A∗∗∗ = A∗∗s Rs∗ (2.7)
or equivalently
2R∗∗A∗∗∗ = h∗∗
(
A∗∗s Rs∗ − A¨∗∗∗
)
(2.8)
hold for any y and V .
Proof. Substituting (2.5) and (2.6) into X ′(0)− K (0)Y ′(0) = 0, one will reach (2.7). By the deﬁnition (1.16), the ﬂag curvature
K (x, y, V ) can be expressed as R∗∗/h∗∗ , then we can easily deduce (2.8) from (2.7). 
If F has constant ﬂag curvature K , then Rsk = K (δsk − sk) and (2.7) turns into the well-known Numata equation A¨i jk +
K Aijk = 0.
3. A necessary condition
Let us ﬁx a point (x0, y0) ∈ TM \ {0} and regard (2.8) as a polynomial of V . By assuming the ﬂag curvature of F is
nonzero, R∗∗ is clearly irreducible. Moreover, in dimension greater than two, h∗∗ is also irreducible by its semi-positivity.
Now, if Aijk(x0, y0)dxi ⊗dx j ⊗dxk = 0 in addition, (2.8) would tell us either h∗∗|R∗∗ or h∗∗|A∗∗∗ in dimension  3. Next, we
will analyze these two cases.
Case 1. R∗∗ is divisible by h∗∗ .
In this case, we can ﬁnd a number λ = λ(x0, y0) such that
λh∗∗ = R∗∗, or equivalently, λhij = Rij (3.1)
holds at the point (x0, y0).
Substituting (3.1) back into (2.8), we have
2λA∗∗∗ = A∗∗sλ
(
δsi − si
)
V i − A¨∗∗∗ = λA∗∗∗ − A¨∗∗∗. (3.2)
Its V -derivatives gives
A¨i jk(x0, y0) + λ(x0, y0)Aijk(x0, y0) = 0, (3.3)
and
I¨k(x0, y0) + λ(x0, y0)Ik(x0, y0) = 0. (3.4)
Case 2. A∗∗∗ is divisible by h∗∗ .
We may assume
A∗∗∗ = h∗∗T∗ (3.5)
where T = Tk(x0, y0)dxk is a covector at (x0, y0). Acting ∂V i∂V j∂V k on (3.5), one can deduce
6Aijk = 2hij Tk + 2h jkTi + 2hikT j . (3.6)
Recalling Aij0 = hi0 = 0, we see T0 = 0 from (3.6). Then, act gij on (3.6), and the result is
6Ik = 2(n − 1)Tk + 4Tk = 2(n + 1)Tk. (3.7)
Combining (3.5) and (3.7), we reach
A∗∗∗(x0, y0) = 3
n + 1h∗∗(x0, y0)I∗(x0, y0).
In other words, the Matsumoto tensor vanishes at (x0, y0), i.e.
Aijk = 1n + 1 (hij Ik + h jk Ii + hik I j) (3.8)
at (x0, y0). Substituting (3.8) into (2.8), we see
6R∗∗ I∗ = (h∗∗ Is + 2I∗h∗s)Rs∗ − (n + 1) A¨∗∗∗
and then
4R∗∗ I∗ = h∗∗ Is Rs∗ − (n + 1) A¨∗∗∗. (3.9)
Taking V -derivatives again, (3.9) shall tell us
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(
hij Is R
s
k + h jk Is Rsi + hik Is Rs j
)− 6(n + 1) A¨i jk. (3.10)
Acting gij on (3.10), we see that
3(n + 1) I¨k + 4IkRic− (n − 7)Is Rsk = 0 (3.11)
is true at the ﬁxed point (x0, y0).
Being aware of (3.1), one shall ﬁnd that Eq. (3.4) can also be written as (3.11). In fact, since λhij = Rij , we have
3(n + 1)( I¨k + λIk) = 3(n + 1) I¨k + 4(n − 1)λIk − (n − 7)λIk
= 3(n + 1) I¨k + 4Ric · Ik − (n − 7)λIs
(
δsk − sk
)
= 3(n + 1) I¨k + 4Ric · Ik − (n − 7)Is Rsk.
Hence, no matter h∗∗|R∗∗ or h∗∗|A∗∗∗ , Eq. (3.11) always holds in dimension  3. Since λhij = Rij is automatically true for
any Finsler surface, we then reach
Lemma 3.1. Let F be a Finsler metric with nonzero sectional ﬂag curvature, and (x0, y0) be a point in TM \ {0}. If Ai jk(x0, y0)dxi ⊗
dx j ⊗ dxk = 0, then
3(n + 1) I¨k + 4Ik Ric− (n − 7)Is Rsk = 0 (3.12)
holds at (x0, y0).
More generally, we have
Lemma 3.2. Let F be a Finsler metric with nonzero sectional ﬂag curvature, then it holds
3(n + 1) I¨k + 4Ik Ric− (n − 7)Is Rsk = 0 (3.13)
at any (x, y) ∈ TM \ {0}.
Proof. If (x0, y0) is an interior point of {(x, y): A∗∗∗(x, y) = 0}, then (3.13) is certainly true. Otherwise, we can pick a
sequence {(xn, yn)} in {(x, y): A∗∗∗(x, y) = 0} such that (xn, yn) converges to (x0, y0) in the natural topology. Since (3.13) is
true for any (xn, yn), then the continuity shall tell us that it is also true for the limit point (x0, y0). So (3.13) always holds
on TM \ {0}. 
Remark 3.1. Taking V -derivatives on (2.8) directly, its trace will tell us
3(n + 3) I¨k + 6Ik Ric− (n − 9)Is Rsk − 2(n − 3)Aikj R j i = 0.
Once submitting Cases 1 or 2 into this equation, one will arrive at the same terminal station (3.13).
4. Rigidity results
In this section, we will apply Lemma 3.2 to obtain some rigidity theorems. First, let’s assume F is weakly Landsbergian,
i.e. J = 0, then we can have a Numata-type theorem.
Theorem 4.1. Let F be a weakly Landsberg metric of sectional ﬂag curvature, then each of the following conditions will imply F is
Riemannian.
(i) n 7, K = 0.
(ii) n > 7, −n−1n−7  K − 14 or 14  K  n−1n−7 .
Proof. Under the weakly Landsbergian assumption, (3.13) becomes
4Ik Ric = (n − 7)Is Rsk.
For a ﬁxed point (x, y), the Cartan form I at (x, y) can induce a tangent vector Iˆ = I i(x, y)∂/∂xi at x. Thus, if I(x, y) = 0,
then
4Ric(x, y) = (n − 7)K (x, y, Iˆ). (4.1)
Since K = 0, Ric(x, y) and K (x, y, Iˆ) should have the same sign. Therefore, it will be not true for n 7. For high dimensions,
using the ﬁrst curvature assumption in (ii), we have
4
(
−n − 1
)
 4Ric(x, y) = (n − 7)K (x, y, Iˆ) (n − 7)
(
−n − 1
)
4 n − 7
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not true, and F must be Riemannian by the Deicke’s theorem. 
We should remark here that we only use the pointwised pinching in the above proof. A simple observation gives
Corollary 4.1. Let F be a weakly Landsberg metric of sectional ﬂag curvature. If 1/4 K  1, then F is Riemannian.
Now we will give an Akbar-Zadeh type result. Before stating our theorem, we should give the deﬁnition of L∞-norm,
‖I‖∞ := sup
y∈TM\0
√
gik(y)Ii(y)Ik(y).
Theorem 4.2. Let (Mn, F ) be a complete Finsler manifold of sectional ﬂag curvature. If n  7, K < 0 and ‖I‖∞ < ∞, then F is
Riemannian.
Proof. Let γ (t) be a normal geodesic with initial data (γ (0), γ ′(0)) = (x0, y0), and denote the lift of γ (t) in TM by γ˜ (t) =
(γ (t), γ ′(t)). By putting f (t) = g(I, I)γ˜ (t) and applying (3.13), one can obtain
f ′′(t) = 2g( I¨, I) + 2g( I˙, I˙)
= 2
3(n + 1)
(−4Ric · Ik Ik + (n − 7)Rik I i Ik)+ 2 J i J i
where we use γ˜ ′(t) = i δ
δxi
|γ˜ (t) and (1.7) in the ﬁrst equality.
Since n  7 and K < 0, we know f ′′(t)  0. Moreover, by the completeness, f (t) must be a convex function on the
whole R. So if f ′(t0) = 0 at some point t0, then f (t) → ∞ when t → +∞ or t → −∞ which is contradict to the last
assumption ‖I‖∞ < ∞. Hence f ′(t) = 0 and then f ′′(t) = 0, I(γ (t), γ ′(t)) = 0, J (γ (t), γ ′(t)) = 0. Particularly, I(x0, y0) = 0.
Since the initial data is arbitrary, ﬁnally we get I ≡ 0 and hence F is Riemannian. 
Corollary 4.2. Let (Mn, F ) be a closed Finsler manifold of sectional ﬂag curvature. If n 7 and K < 0, then F is Riemannian.
Using the same method, one can also prove the following pinching theorem.
Theorem 4.3. Let (Mn, F ) be a complete Finsler manifold of sectional ﬂag curvature. If −n−1n−7  K − 14 and ‖I‖∞ < ∞, then F is
Riemannian.
The completeness in Theorems 4.2 and 4.3 cannot be replaced by positive completeness, since the Funk metric is a
counterexample.
Example (Funk metric). Let B be the unit open ball in Rn . For any nonzero tangent vector y ∈ TxB , its norm is deﬁned to
be the unique positive number F (x, y) satisfying
x+ y
F (x, y)
∈ ∂B.
Then F is a positively complete Randers metric, called the Funk metric. It is well known that F has constant ﬂag curvature
and bounded Cartan form, i.e.
K = −1
4
, ‖I‖∞ < n + 1√
2
.
Then the Funk metric satisﬁes all the conditions in Theorems 4.2 and 4.3 except the completeness.
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